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1 Introduction
Classification of algebraic surfaces has been one of the most significant problems guiding the devel-
opment of algebraic geometry throughout its history. In modern mathematics this classification has
often been studied through its moduli space (see, for example, the works of Catanese [13, 14]).
Recent progress in this area is due to the study of invariants related to the Galois covers of such
surfaces. To an algebraic surface X of degree n embedded in a projective space CPN , we attach a
Galois cover. The Galois cover XGal is the Zariski closure of the fibered product, with respect to
a generic projection to CP2, of n copies of X , where the generalized diagonal is excluded. For a
detailed definition of the Galois cover, see Section 2.
Galois covers and their related fundamental groups were studied by Gieseker [17], Liedtke [19],
Moishezon-Teicher [21], A.-Goldberg [3], A.-Teicher-Vishne [10]. Works on surfaces of degrees 4
and 5 and their Galois covers were done by A.-Lehman-Shwartz-Teicher [7] and A.-G.-Teicher-X.
[6], respectively. Lately, the fundamental group of Galois covers were computed for surfaces with
Zappatic singularity by A.-G.-T.-Teicher-X. in [5] and for embeddings of CP1 × T of higher degrees
by A.-T.-X.-Y. in [9]. In all those works, the Galois covers provide a way to construct important
invariants of the base surfaces and contribute to their classification. They are also primary tool
used to construct an example of a simply-connected surface of positive index [21], thus disproving
Bogomolov’s watershed conjecture.
In this paper we study 29 surfaces of degree 6 and their Galois covers. It is a continuation of
the work on degenerations of degree 5 [6]. We study braid monodromy, the fundamental groups of
the complements of the branch curves and of the Galois covers of degree 6 surfaces with nice planar
degenerations. Degenerations were studied by Calabri-Ciliberto-Flamini-Miranda in [12], Ciliberto-
Lopez-Miranda in [15], A.-G.-T.-Teicher-X. in [5], and in other papers such as [1, 2, 3]. The braid
monodromy algorithm was presented by Moishezon-Teicher in [22, 23]. Fundamental groups of the
complements of branch curves were studied for their own sake by Zariski in [25] and by Auroux-
Donaldson-Katzarkov-Yotov in [11].
Below we describe briefly the process taken in this paper; for full details see Section 2. The
computation of the Galois cover and its invariants begins with the inspection of the branch curve S.
In general, it is difficult to describe S for a given projection X onto CP2. In order to overcome this
obstacle, we degenerate X to a union of planes X0, which then degenerates the branch curve into
an arrangement of lines S0. Once we have this line arrangement, we can use the reverse process of
regeneration, which is described by the so called ”regeneration Lemmas” from [22], to recover partial
information regarding the branch curve S of X .
This suffices to compute the braid monodromy of S by the Moishezon-Teicher algorithm. Having
the braid monodromy of S, one can apply the van-Kampen Theorem [18] to calculate the fundamental
group π1(CP
2 − S) of the complement of S in CP2. Then it is possible to calculate the fundamental
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group π1(XGal) of the Galois cover XGal of X by considering an exact sequence (see [21]),
0→ π1(XGal)→ G̃→ Sn → 0, (1)
where G̃ := π1(CP
2 − S)/〈Γ2i 〉. The group π1(XGal) is the kernel of the natural projection G̃→ Sn.
The above process computes the correct fundamental group π1(XGal), because Moishezon-Teicher
showed in [21] that when the complex structure of X changes continuously, π1(XGal) does not change.
Other important invariants of surfaces are their Chern numbers c21 and c2 (see, for example,
Manetti’s work [20]). Both c21(XGal) and c2(XGal) can be computed from the braid monodromy (see
[21]).
We have considered surfaces that have degeneration with planar representation (see Definition
3.1), of which there are 29 types (see [4, Appendix A]). The main result of this paper is that π1(XGal)
is not trivial in eight out of those 29 types, trivial in 20 other cases, and for one case the question
whether π1(XGal) is trivial or not remains open (see Table 1 for details). As an application, we
compute the Chern numbers for all 29 Galois covers. We find degenerations of surfaces that have
the same Chern numbers, i.e., the related surfaces are in the same component of the moduli spaces.
Moreover, the signatures of all 29 types, that are computed using the Chern number of those Galois
covers, are all negative.
This paper is organized as follows: In Section 2, we explain important methods and present the
fundamental and necessary background that we use in this paper. In Section 3 we state and prove
auxiliary lemmas we used in the calculations and provide the full computation of three of the cases
we compute, to show an example of our methods. In Section 4 we present the results of all our
calculations, including the computation of the Chern numbers and signatures of the Galois covers of
the surfaces we consider. We include an appendix with a proof of the classification of the 29 cases
of surfaces degenerating to degree 6 objects. Moreover, we give full calculations of the fundamental
groups of the Galois covers.
Acknowledgements: The authors are grateful to Guo Zhiming for useful discussions about his
work on the classification of the degree six surfaces. This research was supported by the ISF-NSFC
joint research program (Grant No. 2452/17) .
2 Preliminaries
In this section we give the background needed for the computations that appear in later sections.
Additionally, we introduce all the notations used in the paper.
Let X be a projective algebraic surface embedded in projective space CPN , for some N . Consider
a generic projection f : CPN → CP2. The restriction of f |X is branched along a curve S ⊆ CP
2.
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The branch curve S can tell a lot about X , but it is difficult to describe it explicitly. To tackle this
problem we consider degeneration of X , defined as follows.
Definition 2.1. Let ∆ be the unit disc, and let X,Y be projective algebraic surfaces. Let p : Y →
CP
2 and p′ : X → CP2 be projective embeddings. We say that p′ is a projective degeneration of p if
there exists a flat family π : V → ∆ and an embedding F : V → ∆ × CP2, such that F composed
with the first projection is π, and:
(a) π−1(0) ≃ X ;
(b) there is a t0 6= 0 in ∆ such that π
−1(t0) ≃ Y ;
(c) the family V − π−1(0)→ ∆− 0 is smooth;
(d) restricting to π−1(0), F = 0× p′ under the identification of π−1(0) with X ;
(e) restricting to π−1(t0), F = t0 × p under the identification of π
−1(t0) with Y .
We construct a degeneration of X into a union of planes, as a sequence of partial degenerations
X := Xr ❀ Xr−1 ❀ · · ·Xr−i ❀ Xr−(i+1) ❀ · · ·❀ X0. Consider generic projections π
(i) : Xi → CP
2
with the branch curve Si for 0 ≤ i ≤ r. Note that Si−1 is a degeneration of Si.
Because X0 is a union of planes, its projection S0 is a line arrangement. Locally around each
singular point, S0 is defined by the multiplicity of this singularity. We call a singular point of
multiplicity k, a k-point. A 1-point always comes from the intersection of 2 planes in X0. Similarly,
a 2-point is always the projection of the intersection of 3 planes P1, P2, P3 in X0, with P1 and P3
intersecting only in the singular point (and not in a line).
Next, for a 3-point in S0, two options can occur. Either the 3-point is an intersection of three
planes in X0, with every pair of planes intersecting in a line, or it is the intersection of four planes
P1, . . . , P4 in X0, s.t. Pi and Pj intersect in a line only if |i− j| = 1. We call the first option an inner
3-point and the second an outer 3-point. For singularities of higher multiplicities additional types of
singularities can occur in S0, but in the arrangements we consider in the current work, only 2 types
can happen for each multiplicity.
Definition 2.2. We call a k-point that is the intersection of k + 1 planes P1, . . . , Pk+1, s.t. Pi
intersect Pj in a line if and only if |i− j| = 1, an outer k-point.
We call a k-point that is the intersection of k planes P1, . . . , Pk, s.t. Pi intersects Pj in a line if
|i− j| = 1 and additionally P1 intersects Pk, an inner k-point.
Note that those singularities were considered in [12], where the inner k-point is denoted by Ek
and the outer k-point is denoted by Rk.
Example 2.1. We explain the above notions on the degeneration using Figure 1. The figure is a
schematic representation of X0. The components of X0 are represented by triangles and their lines
(common edges). So P1 and P2 intersect in a line indexed 1, P2 and P3 intersect in a line indexed 2,
P1 and P4 are disjoint, and so on.
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The vertices of the diagram that have inner edges connected to them are the singular points of


















Figure 1: An example of degeneration into a union of planes.
All the degenerations considered in the current work appear in Figure 2.
We note that 1- and 2-points were considered in [1, 8, 21], 3-points were considered in [1], 4-points
were considered in [1, 8], and 5-points were considered in [16]. The regeneration process shown below
can be quite difficult for a large k, but work has been done for some specific values (see [16, 5, 2] for
5-, 6-, and 8-points, respectively).
One of the principal tools we use is a reverse process of degeneration, called regeneration. Using
this tool, which was described in [22] as regeneration Lemmas, we can recover Si from Si−1. Applying
it multiple times we can recover the original branch curve S from the line arrangement S0. In the
following diagram, we illustrate this process.
X ⊆ CPN
degeneration









A line in S0 regenerates either to a conic or a double line. The resulting components of the
partial regeneration are tangent to each other. To get a transversal intersection of components, we
regenerate further, and this gives us three cusps for each tangency point (see [22, 23] for more details).
Therefore, the regenerated branch curve S is a cuspidal curve.
Using the notations of [23] as well as the additional notation Zi i′,j j′ introduced here, we can
denote the braids related to S as follows:
(1) for a branch point, Zj j′ is a counterclockwise half-twist of j and j
′ along a path below the real
axis,
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(2) for nodes, Z2i,j j′ = Z
2
i j · Z
2
i j′ and Z
2
i i′,j j′ = Z
2
i′ j′ · Z
2
i j′ · Z
2
i′ j · Z
2
i j ,
(3) for cusps, Z3i,j j′ = Z
3
i j · (Z
3
i j)




A singular point of S gives rise to braids (1) − (3) only locally. To get the final braids, one needs
to perform a conjugation, which we denote as ab = b−1ab. In several places we use the notation ā
where a is a braid that means the same braid as a but above the real axis.
Denote G := π1(CP
2−S) and its standard generators as Γ1,Γ
′
1, . . . ,Γ2m,Γ
′
2m. By the van Kampen
Theorem [18] we can get a presentation of G by means of generators {Γj,Γ
′
j} and relations of the
types:
(1) for a branch point, Zj j′ corresponds to the relation Γj = Γ
′
j ,












To get all the relations, we write the braids in a product and collect all the relations that correspond
to the different factors. See [22, 23] for full treatment of the subject.
To each list of relations we add the projective relation
1∏
j=m
Γ′jΓj = e. Moreover, in some cases
in the paper, we have parasitic intersections that induce commutative relations. These intersections
come from lines in X0 that do not intersect, but when projecting X0 onto CP
2, they will intersect
(see details in [21]).
Our techniques also allow us to compute fundamental groups of Galois covers. We recall from
[21] that if f : X → CP2 is a generic projection of degree n, then XGal, the Galois cover, is defined
as follows:
XGal = (X ×CP2 . . .×CP2 X)−△,
where the product is taken n times, and △ is the diagonal. To apply a theorem of Moishezon-Teicher
[21], we define G̃ := G/〈Γ2i 〉. Then, there is an exact sequence
0→ π1(XGal)→ G̃→ Sn → 0, (2)
where the second map takes the generators Γi of G to transpositions in the symmetric group Sn
according to the order of the lines in the degenerated surface. We thus obtain a presentation of
the fundamental group of the Galois cover. We next simplify the relations to produce a canonical
presentation that identifies with π1(XGal), using the theory of Coxeter covers of the symmetric groups.
For more details see the proof of Theorem 3.6.
3 Explicit fundamental group computation
In this section, we define the degenerations we are studying in this paper. The total number of such
degenerations of degree 6 is 29, as shown in [4, Appendix A], and as depicted in Figure 2. We next
compute the fundamental groups of their Galois covers.
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The full calculations for all the cases are quite long and would not fit in the current paper. We
present here three examples of possible choices for X0: U0,5,3, U0,6,1 and U4∪3,1
1. Those examples
indicate the techniques we are using. The computations of π1(XGal) for the 26 additional cases, as
well as the computation of the Chern numbers of all 29 cases, are presented in [4, Appendix B].
3.1 The degenerations of interest
Here we will explain the types of surface degenerations we have considered and the way to enumerate
them.
Definition 3.1. A degeneration of smooth toric surface X into a union of planes X0 is said to have
a planar representation if:
(1) No three planes in X0 intersect in a line.
(2) There exists a simplicial complex with connected interior, embedded in R2, s.t. its two dimen-
sional cells correspond bijectively to irreducible components of X0 and this bijection preserves
an incidence relation.
This choice is not the most general that can be made, but most degenerations of surfaces that
are classically of interest are of this form. It is also the choice made in [6, 7].
Note that degenerations that have planar representation of bounded degree can be enumerated
recursively, because the planar simplicial complexes can be enumerated. Such enumeration for degree
6 is presented in [4, Appendix A].
The list of degenerations we get from this enumeration, and thus the degenerations we are con-
sidering in the paper, are presented in Figure 2.
1The labeling of the possible choices for X0 came from the combinatorial classification (see [4, Appendix A]).
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U0,4 U0,5,1 U0,5,2 U0,5,3 U0,5,4
U0,5,5 U0,5,6 U0,5,7 U0,5,8 U0,6,1
U0,6,2 U0,6,3 U0,7
U3,1 U3,2




U4∪4 U5 U5∪3 U6
Figure 2: The collection of all the degenerations we inspect in the current work.
10
3.2 General setup and useful lemmas
In this subsection we prove couple of results we will use later in the computation.
We will work with a dual graph T of X0, which is defined when vertices of T are in bijection with
the planes in X0, and the vertices corresponding to the planes P1 and P2 are connected by an edge
if P1 and P2 intersect in a line.
First, we will provide the principal tool we will use to prove that π1(XGal) is not trivial in certain
cases.
Lemma 3.2. Let Ĝ := G̃/〈Γi = Γ
′
i〉. If T has a vertex of valency of at least 3 that is not part of a
cycle in T , then the kernel of the natural projection Ĝ→ S6 is not trivial. In particular, π1(XGal) is
not trivial in this case.
Proof. Let i, j, k be three distinct edges connected to the vertex p of T that satisfy the properties
required in the Lemma. Because X0 has a planar representation (Definition 3.1), T is a planar graph.
Thus, the three lines in X0 corresponding to i, j, k cannot meet in a point. By [24], the kernel of the
natural homomorphism Ĝ → S6 contains the relation [Γi,ΓjΓkΓj ] = e, so we are left to show that
this relation is not trivial in Ĝ.
To that end, we take the quotient of Ĝ by the group normally generated by {Γl|l /∈ {i, j, k}}. We
now can inspect what can happen to the relations that arise from branch points, nodes, and cusps.
Note that in every such relation, at most two instances of Γi,Γj ,Γk can appear, because the lines
i, j, k in X0 do not pass through one point.
Branch points: A branch point relation with only two of the generators Γi,Γj ,Γk is either re-
dundant or equivalent to a commutation relation between two of the generators. Because no
two such generators can commute (otherwise it would contradict the existence of the natural
homomorphism G̃→ S6, all those relations are trivial in Ĝ.
Nodes: This case is identical to the previous - the only commutation relations with only two gen-
erators are redundant or a commutation between two generators that do not hold in Ĝ.
Cusps: Cusps give rise to triple relations 〈w1, w2〉 for some w1, w2 ∈ Ĝ, which obviously cannot lead
to the fork relation [Γi,ΓjΓkΓj ] = e.
We next list some results that will allow us to show Γi = Γ
′
i in G̃. This will be the principal tool
at our disposal to show that the group π1(XGal) is trivial.
Lemma 3.3. Let p be a 2-point in X0 with lines i and j. Then Γi = Γ
′
i in G̃ iff Γj = Γ
′
j in G̃.
Proof. Vertex p is a 2-point. The braid monodromy corresponding to this point is:
∆̃p = (Zj j′)
Z2
i i′,j · Z3i i′,j .
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Now, if Γi = Γ
′
i, relation (4) becomes Γj = Γ
′
j . On the other hand, if Γj = Γ
′
j, we can deduce







i = ΓiΓjΓi = ΓjΓiΓj
and so we get Γi = Γ
′
i, as needed.
Lemma 3.4. Let p be an inner 3-point (see Definition 2.2) in X0 with lines i < j < k (see Figure
3). If either Γj = Γ
′
j or Γk = Γ
′
k in G̃ then Γl = Γ
′
l for all l ∈ {i, j, k}.
Moreover, Γi = Γ
′




Figure 3: The vertex p in Lemma 3.4.
Proof. Vertex p is an inner 3-point. Its braid monodromy is
∆̃p =Z
3
i′,j j′ · Z
3



























































































First, we will use (7) and (8) to get that Γj = Γ
′
j if and only if Γk = Γ
′
k. Indeed, if Γk = Γ
′
k then
we get that the right sides of those equations are equal, so by equating the left sides, we get Γj = Γ
′
j .
Conversely, if Γj = Γ
′
j , we get that the left sides of (7) and (8) are equal, so by equating the right




For the second part of the statement, we equate the left sides of (7) and (9) and then use (5) and
(6), similarly to the proof of Lemma 3.3.
Lemma 3.5. Let p be an outer 3-point in X0 with lines i < j < k (see Figure 4). If either Γi = Γ
′
i
or Γj = Γ
′
j in G̃ then Γl = Γ
′





Figure 4: The vertex p in Lemma 3.5.
Proof. Vertex p is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃p = Z
2
i i′,k k′ · Z
3
i′,j j′ · (Zi i′)
Z2
i′,j j′ · (Z3j j′,k)
Z2
















































































































k] = e. (15)
If Γj = Γ
′
j we get Γi = Γ
′
i from (12) and then Γk = Γ
′
k from (14). If Γi = Γ
′
i, we get Γj = Γ
′
j

















Figure 5: The arrangement of planes U0,5,3.
Theorem 3.6. If X degenerates to U0,5,3, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.








Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z3 3′)
Z2
2 2′,3 · Z32 2′,3.

















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2

















































































































5] = e. (24)
Vertex 6 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃6 = Z
2
1 1′,4 4′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,4)
Z2
















































































































4] = e. (29)




































1Γ1 = e. (33)
By Lemma 3.5 we get Γ2 = Γ
′
2 and Γ4 = Γ
′
4. Then by Lemma 3.3, we get Γ3 = Γ
′
3.









5 = e (34)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (35)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ5] = [Γ3,Γ5] = e. (36)
By Lemma 3.2, π1(XGal) is not trivial.
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Figure 6: The arrangement of planes U0,6,1.
Theorem 3.7. If X degenerates to U0,6,1, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.
















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 4 is a 4-point. Its braid monodromy is
∆̃4 = Z
3





2 2′,4 · Z22 2′,4 · Z̄
2
1 1′,4′ · Z̄
2
2 2′,4′ · (Z4 4′)
Z2





































2 ,Γ4] = e (44)
[Γ2,Γ4] = [Γ
′
















































































































































































4 ] = e. (53)




































1Γ1 = e. (57)
By Lemma 3.3, we get Γ4 = Γ
′
4.









5 = e (58)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e, (59)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (60)
Thus, G̃ ∼= S6, therefore π1(XGal) is trivial.
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Figure 7: The arrangement of planes U4∪3,1.
Theorem 3.8. If X degenerates to U4∪3,1, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of seven lines. We regenerate each vertex in
turn and compute the group G.




Vertex 2 is an inner 3-point. Its braid monodromy is
∆̃2 =Z
3
2′,5 5′ · Z
3



























































































Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
1 1′,7 7′ · Z
3
1′,6 6′ · (Z1 1′)
Z2
1′,6 6′ · (Z36 6′,7)
Z2

















































































































7] = e. (72)
Vertex 4 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃4 = Z
2
1 1′,3 3′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,3)
Z2
















































































































3] = e. (77)




















































































































































































































































1Γ1 = e. (96)
Substituting (61) and equating (86) and (87), we get Γ5 = Γ
′
5. By Lemma 3.4, we have Γ2 = Γ
′
2
and Γ6 = Γ
′




3 and Γ7 = Γ
′
7.













7 = e (97)
〈Γ1,Γ2〉 = 〈Γ1,Γ6〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ5〉 = 〈Γ2,Γ6〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = (98)
〈Γ4,Γ7〉 = 〈Γ5,Γ6〉 = 〈Γ5,Γ7〉 = 〈Γ6,Γ7〉 = e
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ7] = [Γ2,Γ4] =
= [Γ2,Γ7] = [Γ3,Γ6] = [Γ3,Γ7] = [Γ4,Γ5] = [Γ4,Γ6] = e
(99)
Γ6 = Γ2Γ5Γ2 (100)
Γ3Γ4Γ3 = Γ7Γ5Γ7. (101)
By Remark 2.8 in [24], we get also the relations
[Γ1,Γ2Γ6Γ2] = [Γ2,Γ3Γ5Γ3] = [Γ6,Γ7Γ5Γ7] = e. (102)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
4 Results
In this Section we present our findings. We have considered the following invariants of XGal: its
fundamental group π1(XGal), its Chern numbers c
2






4.1 The fundamental group of the Galois cover
We begin with the fundamental group, for which we were able to deduce, with the exception of a
single case, whether it is trivial.
Theorem 4.1. The group π1(XGal) is not trivial for U0,5,1, U0,5,2, U0,5,3, U0,5,4, U0,5,5, U0,6,2, U0,6,3,
U3,5. The group is trivial in all the other cases, except possibly U4,2.
The case of U4,2 is especially challenging because there are no 1-points, there are no 3-valent
vertices in the dual graph not attached to a cycle, and there is no inner 3-point. Thus it is the only
case for which the techniques presented in the current work are not able to deduce whether π1(XGal)
is trivial. We believe this question can be interesting to those seeking to develop additional algebraic
tools in the study of Coxeter groups.
Note that the technique used in [7] to find the group π1(XGal) explicitly is not applicable in higher
degrees. We can therefore formulate the following question.
Question 4.1. What are the isomorphism classes of the groups π1(XGal), where X degenerates to
one of U0,5,1, U0,5,2, U0,5,3, U0,5,4, U0,5,5, U0,6,2, U0,6,3, or U3,5?
In all those cases we can show that π1(XGal) is normally generated by 1 or 2 elements in G̃
(namely the fork relations). Whenever this group is normally generated by a unique element, based
results in smaller degrees, we believe all the conjugations of this element commute and thus formulate
the following conjecture:
Conjecture 4.1. The group π1(XGal) is free abelian group whenever X can be degenerated to one
of U0,5,1, U0,5,2, U0,5,3, U0,5,5, U0,6,2, U0,6,3, or U3,5.
4.2 Chern numbers and signature
The Chern numbers and the signature of the Galois cover are additional important topological in-
variants. To compute them we use the following proposition.












where n = deg f,m = degS, µ = number of branch points in S, d = number of nodes in S, and
ρ = number of cusps in S.





Using Proposition 4.2 and the computations appearing in [4, Appendix B], we can obtain the
Chern numbers of all the Galois covers we consider.
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Theorem 4.3. The Chern numbers and signatures of the Galois covers of the surfaces appear in
Table 1.
Moreover, all the signatures of degree 6 surfaces with a degeneration that have planar representa-
tion are negative and have the form −a3 · 6! where a ∈ {1, . . . , 7}.
Proof. This is an immediate application of Proposition 4.2. For the values of n,m, µ, d and ρ that
appear in this proposition, see [4, Appendix B].
4.3 Summary of results
We attach the following table that includes the invariant computed in the paper: Chern numbers,
signature and information whether the fundamental group of the Galois cover is trivial or not.
X0 c
2
1 c2 χ π1(XGal)




U0,5,1, U0,5,2, U0,5,3, U0,6,2, U0,6,3 4 · 6! 4 · 6! −
4
3
· 6! not trivial
U0,5,4 4 · 6! 3 · 6! −
2
3
· 6! not trivial
U0,5,5 4 · 6!
7
2
· 6! −6! not trivial






U0,5,7, U0,6,1 4 · 6! 5 · 6! −2 · 6! trivial

















· 6! not trivial
U3,2, U5 9 · 6! 6 · 6! −6! trivial
U3,4 9 · 6!
15
2
· 6! −2 · 6! trivial




U3∪3 16 · 6! 11 · 6! −2 · 6! trivial






U4,2 9 · 6! 5 · 6! −
1
3
· 6! open question
U4∪3,1, U5∪3 16 · 6!
19
2
· 6! −6! trivial








Table 1: Table of invariants computed in the paper.
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A Classification of the cases
We are grateful to Guo Zhiming for proving the completeness of the following classification.
Theorem A.1. There are exactly 29 non-isomorphic sextic degenerations that have a planar repre-
sentation (see Definition 3.1).
Proof. In order to classify all planar representations, it is equivalent to classify all combinations of
six plane triangles with common edges. First, we consider a special kind of n-point configuration,
which does not change by gluing other triangles. We denote the n-point configuration with these
kinds of n-points by Dn (corresponding to degeneration of n-degree surface). Note that the smallest
Dn is D3. First, we classify sextic degenerations by gluing Dk with 6− k triangles.
• The largest Dn in the configuration is D6. There is only one possible configuration (see Figure
8), which we denote by U6.
Figure 8: U6.
• The largest Dn in the configuration is D5. In this case, there are only 2-points, except the 5-
point, which cannot be changed. Except for the general type (the 5-point quintic degeneration
and a plane), only D3 can be inserted. There is only one possible configuration in each case
(see Figure 9), which we denote by U5 and U5∪3.
Figure 9: U5 (left) and U5∪3 (right).
• The largest Dn in the configuration is D4. In this case, there are two cases; one is the config-
uration of a degeneration of a union of D4 with itself, the other one is a union of D4 with D3.




The second case consists of exactly one D3. So there are two possible configurations in this
case (see Figure 11), which we denote U4∪3,1, U4∪3,2.
Figure 11: U4∪3,1 (left) and U4∪3,2 (right).
There are also three possible degenerations of a general type (see Figure 12), which we denote
as U4,1, U4,2 and U4,3.
Figure 12: From left to right: U4,1, U4,2, and U4,3.
• The largest Dn in the configuration is D3. There is only one possible degeneration of D3 with
D3 (see Figure 13), which we denote U3∪3.
Figure 13: U3∪3.
Next we consider D3 and a plane. It is not difficult to see that there are six possible cases (see
Figure 14), which we denote U3,i, i ∈ {1, . . . , 6}.
26
Figure 14: Top row (from left to right): U3,1, U3,2, and U3,3.
Bottom row (from left to right): U3,4, U3,5, and U3,6.
• Now we have the general type, which can be classified from the largest n-point.
If n = 7, there is only one possible configuration of a degeneration (see Figure 15), denoted
U0,7.
Figure 15: U0,7.
If n = 6, there are three possible configurations of degenerations (see Figure 16), denoted as
U0,6,1, U0,6,2, and U0,6,3.
Figure 16: From left to right: U0,6,1, U0,6,2, and U0,6,3.
If n = 5, there are eight possible configurations of degenerations (see Figures 17, 18, and 19),
denoted U0,5,i for i = 1, . . . , 8 .
27
Figure 17: From left to right: U0,5,1, U0,5,2, and U0,5,3.
Figure 18: From left to right: U0,5,4, U0,5,5, and U0,5,6.
Figure 19: U0,5,7 (left) and U0,5,8 (right).





In this appendix we provide the full computations we have made. See Section 2 for the notations.
B.1 X degenerates to U0,4
1 2 3 4





Figure 21: The arrangement of planes U0,4.
Theorem B.1. If X degenerates to U0,4, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.








Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z3 3′)
Z2
2 2′,3 · Z32 2′,3.

















Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
∆̃3 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.


















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z4 4′)
Z2
3 3′,4 · Z33 3′,4.
















































































1Γ1 = e. (119)




3 = Γ3 and Γ4 = Γ
′
4.









5 = e (120)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (121)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (122)
The generators of G̃ satisfy the same relations as the transpositions in S6, therefore G̃ ∼= S6 and
π1(XGal) is trivial.
In this case, the number of branch points is 6, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.
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Figure 22: The arrangement of planes U0,5,1.
Theorem B.2. If X degenerates to U0,5,1, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.








Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z3 3′)
Z2
2 2′,3 · Z32 2′,3.

















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
1 1′,4 4′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,4)
Z2

















































































































4] = e. (131)
Vertex 6 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃6 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2
















































































































5] = e. (136)




































1Γ1 = e. (140)
By Lemma 3.5 we get Γ2 = Γ
′
2 and Γ4 = Γ
′
4. Then by Lemma 3.3, Γ3 = Γ
′
3.









5 = e (141)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (142)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ5] = [Γ3,Γ5] = e. (143)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 7, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.
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B.3 X degenerates to U0,5,2








Figure 23: The arrangement of planes U0,5,2.
Theorem B.3. If X degenerates to U0,5,2, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.








Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z4 4′)
Z2
2 2′,4 · Z32 2′,4.

















Vertex 6 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃6 = Z
2
1 1′,3 3′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,3)
Z2

















































































































3] = e. (152)
Vertex 7 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃7 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2
















































































































5] = e. (157)




































1Γ1 = e. (161)
By Lemma 3.5 we get Γ2 = Γ
′
2 and Γ3 = Γ
′
3. Then by Lemma 3.3, Γ4 = Γ
′
4.









5 = e (162)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (163)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ5] = [Γ3,Γ5] = e. (164)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 7, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.
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Figure 24: The arrangement of planes U0,5,3.
Theorem B.4. If X degenerates to U0,5,3, then π1(XGal) is not trivial.
Proof. See Theorem 3.6.
In this case, the number of branch points is 7, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.













Figure 25: The arrangement of planes U0,5,4.
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Theorem B.5. If X degenerates to U0,5,4, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.
Vertex 1 is a 2-point. The braid monodromy corresponding to this point is:
∆̃1 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 8 is a 2-point. The braid monodromy corresponding to this point is:
∆̃8 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
2 2′,5 5′ · Z
3
2′,3 3′ · (Z2 2′)
Z2
2′,3 3′ · (Z33 3′,5)
Z2
















































































































5] = e. (173)
Vertex 6 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃6 = Z
2
1 1′,4 4′ · Z
3
1′,3 3′ · (Z1 1′)
Z2
1′,3 3′ · (Z33 3′,4)
Z2

















































































































4] = e. (178)



























1Γ1 = e. (181)











5 = e (182)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = e (183)
[Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = e. (184)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 6, the number of cusps is 18, the number of nodes is
16 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 3 · 6!,
and the signature is χ = − 23 · 6!.
B.6 X degenerates to U0,5,5








Figure 26: The arrangement of planes U0,5,5.
Theorem B.6. If X degenerates to U0,5,5, then π1(XGal) is not trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.




Vertex 4 is a 2-point. The braid monodromy corresponding to this point is:
∆̃4 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 8 is a 2-point. The braid monodromy corresponding to this point is:
∆̃8 = (Z5 5′)
Z2
3 3′,5 · Z33 3′,5.

















Vertex 2 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃2 = Z
2
2 2′,4 4′ · Z
3
2′,3 3′ · (Z2 2′)
Z2
2′,3 3′ · (Z33 3′,4)
Z2

















































































































4] = e. (196)













































1Γ1 = e. (201)
By Lemma 3.3, Γ2 = Γ
′
2. Then by Lemma 3.5 we get Γ3 = Γ
′
3 and Γ4 = Γ
′
4. Again by Lemma
3.3, we get Γ5 = Γ
′
5.









5 = e (202)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = e (203)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = e. (204)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 6, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 =
7
2 · 6!,
and the signature is χ = −6!.
B.7 X degenerates to U0,5,6
1 2 3 4





Figure 27: The arrangement of planes U0,5,6.
Theorem B.7. If X degenerates to U0,5,6, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.












Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z3 3′)
Z2
2 2′,3 · Z32 2′,3.

















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 7 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃7 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2

















































































































5] = e. (216)






















































1Γ1 = e. (222)
By Lemma 3.3, we get Γ2 = Γ
′
2 and Γ3 = Γ
′
3.









5 = e (223)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (224)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (225)
Thus, G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 7, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 =
9
2 · 6!,
and the signature is χ = − 53 · 6!.
B.8 X degenerates to U0,5,7
1 2 3 4





Figure 28: The arrangement of planes U0,5,7.
Theorem B.8. If X degenerates to U0,5,7, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.
















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2
















































































































5] = e. (234)
Vertex 6 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃6 = Z
2
1 1′,3 3′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,3)
Z2

















































































































3] = e. (239)













































1Γ1 = e. (244)
By Lemma 3.5, Γ3 = Γ
′
3.









5 = e (245)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (246)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (247)
Thus, G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 8, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 5 · 6!,
and the signature is χ = −2 · 6!.









Figure 29: The arrangement of planes U0,5,8.
Theorem B.9. If X degenerates to U0,5,8, then π1(XGal) is trivial.
43
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.












Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
∆̃3 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 4 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃4 = Z
2
2 2′,4 4′ · Z
3
2′,3 3′ · (Z2 2′)
Z2
2′,3 3′ · (Z33 3′,4)
Z2

















































































































4] = e. (259)






















































1Γ1 = e. (265)
By Lemma 3.3, we get Γ2 = Γ
′
2 and Γ4 = Γ
′
4.









5 = e (266)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (267)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (268)
Thus, G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 7, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 =
9
2 · 6!,
and the signature is χ = − 53 · 6!.









Figure 30: The arrangement of planes U0,6,1.
Theorem B.10. If X degenerates to U0,6,1, then π1(XGal) is trivial.
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Proof. See Theorem 3.7.
In this case, the number of branch points is 8, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 5 · 6!,
and the signature is χ = −2 · 6!.












Figure 31: The arrangement of planes U0,6,2.
Theorem B.11. If X degenerates to U0,6,2, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.








Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.


















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z5 5′)
Z2
3 3′,5 · Z33 3′,5.

















Vertex 4 is a 4-point. Its braid monodromy is
∆̃4 = Z
3





2 2′,4 · Z22 2′,4 · Z̄
2
1 1′,4′ · Z̄
2
2 2′,4′ · (Z4 4′)
Z2













3 3′,4 · (Z21 1′,3 3′)
Z2
3 3′,4 .




















2 ,Γ4] = e (276)
[Γ2,Γ4] = [Γ
′
















































































































































































4 ] = e. (285)



























1Γ1 = e. (288)
Substituting (269) and (270) in (284), we get Γ3 = Γ
′
















5 = e (289)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = e (290)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = e. (291)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 7, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.












Figure 32: The arrangement of planes U0,6,3.
Theorem B.12. If X degenerates to U0,6,3, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.









Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z5 5′)
Z2
2 2′,5 · Z32 2′,5.

















Vertex 7 is a 2-point. The braid monodromy corresponding to this point is:
∆̃7 = (Z5 5′)
Z2
3 3′,5 · Z33 3′,5.

















Vertex 4 is a 4-point. Its braid monodromy is
∆̃4 = Z
3





2 2′,4 · Z22 2′,4 · Z̄
2
1 1′,4′ · Z̄
2
2 2′,4′ · (Z4 4′)
Z2













3 3′,4 · (Z21 1′,3 3′)
Z2
3 3′,4 .




















2 ,Γ4] = e (299)
[Γ2,Γ4] = [Γ
′
















































































































































































4 ] = e. (308)
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1Γ1 = e. (311)
Using (293) and (298) in (303), we get Γ3 = Γ
′
3. We use also (292) and (304) in (305), we get
Γ2 = Γ
′
2. By Lemma 3.3 , we have Γ5 = Γ
′
5.









5 = e (312)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ5〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = e, (313)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ4,Γ5] = e. (314)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 7, the number of cusps is 15, the number of nodes is
20 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 = 4 · 6!,
and the signature is χ = − 43 · 6!.














Figure 33: The arrangement of planes U0,7.
Theorem B.13. If X degenerates to U0,7, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of five lines. We regenerate each vertex in
turn and compute the group G.





















Vertex 1 is an outer 5-point, the braid monodromy corresponding to it is:
∆̃1 =Z
3








3 3′,5 · (Z22 2′,5)
Z
−2
3 3′,5 · Z23 3′,5 · Z̄
2
1 1′,5′ · Z̄
2





4 4′,5 · (Z33 3′,4)
Z2





4 4′,5 · (Z22 2′,4)
Z2












































































3 ,Γ5] = e (322)
[Γ3,Γ5] = [Γ
′












































































































































5 ] = e (329)
[Γ2,Γ5Γ4Γ
−1







































































































































































































































5 ] = e.
(338)









1Γ1 = e. (339)









5 = e (340)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = e (341)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ3,Γ5] = e. (342)
Thus, G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 9, the number of cusps is 12, the number of nodes is
24 and deg S = 10. So the first Chern number is c21 = 4 · 6!, the second Chern number is c2 =
11
2 · 6!,
and the signature is χ = − 73 · 6!.
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Figure 34: The arrangement of planes U3,1.
Theorem B.14. If X degenerates to U3,1, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.




Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
∆̃3 = (Z6 6′)
Z2
2 2′,6 · Z32 2′,6.

















Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
3′,5 5′ · Z
3




























































































Vertex 7 is a 4-point. Its braid monodromy is
∆̃7 = Z
3





2 2′,4 · Z22 2′,4 · Z̄
2
1 1′,4′ · Z̄
2
2 2′,4′ · (Z4 4′)
Z2













3 3′,4 · (Z21 1′,3 3′)
Z2
3 3′,4 .




















2 ,Γ4] = e (355)
[Γ2,Γ4] = [Γ
′
















































































































































































4 ] = e. (364)















































1Γ1 = e. (369)
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Using (343) and (360) in (361), we get Γ2 = Γ
′
2. By Lemma 3.3, we get Γ6 = Γ
′
6. Then by Lemma




5. And again by Lemma 3.3 we get Γ4 = Γ
′
4.











6 = e (370)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ6〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ3,Γ6〉 = 〈Γ4,Γ5〉 = 〈Γ5,Γ6〉 = e (371)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ4,Γ6] = e (372)
Γ6 = Γ3Γ5Γ3. (373)
By Remark 2.8 in [24], we get also the relations
[Γ2,Γ3Γ6Γ3] = [Γ4,Γ3Γ5Γ3] = e. (374)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 21, the number of nodes is
28 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
13
2 · 6!,
and the signature is χ = − 43 · 6!.











Figure 35: The arrangement of planes U3,2.
Theorem B.15. If X degenerates to U3,2, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.
Vertex 2 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃2 = Z
2
1 1′,6 6′ · Z
3
1′,4 4′ · (Z1 1′)
Z2
1′,4 4′ · (Z34 4′,6)
Z2

















































































































6] = e. (379)
Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
3 3′,6 6′ · Z
3
3′,5 5′ · (Z3 3′)
Z2
3′,5 5′ · (Z35 5′,6)
Z2
















































































































6] = e. (384)
Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
2′,4 4′ · Z
3



























































































Vertex 7 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃7 = Z
2
1 1′,3 3′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,3)
Z2

















































































































3] = e. (395)






































1Γ1 = e. (399)
Equating (387) and (389) and using (385) and (386), we get Γ2 = Γ
′









5 and Γ6 = Γ
′
6.











6 = e (400)
〈Γ1,Γ2〉 = 〈Γ1,Γ4〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ2,Γ5〉 =
= 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ5,Γ6〉 = e
(401)
[Γ1,Γ3] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ6] = [Γ3,Γ4] = [Γ3,Γ6] = e (402)
Γ5 = Γ2Γ4Γ2. (403)
By Remark 2.8 in [24], we get also the relations
[Γ1,Γ2Γ4Γ2] = [Γ3,Γ2Γ5Γ2] = [Γ6,Γ4Γ5Γ4] = e. (404)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 24, the number of nodes is
24 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 = 6 · 6!,
and the signature is χ = −6!.
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Figure 36: The arrangement of planes U3,3.
Theorem B.16. If X degenerates to U3,3, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.




Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z6 6′)
Z2
4 4′,6 · Z34 4′,6.

















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
1 1′,5 5′ · Z
3
1′,2 2′ · (Z1 1′)
Z2
1′,2 2′ · (Z32 2′,5)
Z2
















































































































5] = e. (412)
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Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
3′,4 4′ · Z
3



























































































Vertex 7 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃7 = Z
2
2 2′,6 6′ · Z
3
2′,3 3′ · (Z2 2′)
Z2
2′,3 3′ · (Z33 3′,6)
Z2
















































































































6] = e. (423)
























































1Γ1 = e. (429)
























6 = e (430)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ5〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ3,Γ6〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = e (431)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ4] = [Γ2,Γ6] = [Γ5,Γ6] = e (432)
Γ5 = Γ3Γ4Γ3. (433)
By Remark 2.8 in [24], we get also the relations
[Γ6,Γ3Γ4Γ3] = e. (434)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 21, the number of nodes is
28 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
13
2 · 6!,
and the signature is χ = − 43 · 6!.













Figure 37: The arrangement of planes U3,4.
Theorem B.17. If X degenerates to U3,4, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.













Vertex 1 is a 2-point. The braid monodromy corresponding to this point is:
∆̃1 = (Z5 5′)
Z2
3 3′,5 · Z33 3′,5.

















Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
4′,5 5′ · Z
3



























































































Vertex 3 is a 4-point. Its braid monodromy is
∆̃3 = Z
3





2 2′,4 · Z22 2′,4 · Z̄
2
1 1′,4′ · Z̄
2
2 2′,4′ · (Z4 4′)
Z2













3 3′,4 · (Z21 1′,3 3′)
Z2
3 3′,4 .




















2 ,Γ4] = e (447)
[Γ2,Γ4] = [Γ
′

















































































































































































4 ] = e. (456)
























































1Γ1 = e. (462)




5. Then by Lemma 3.3, we have Γ3 = Γ
′
3.











6 = e (463)
〈Γ1,Γ2〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ5,Γ6〉 = e (464)
[Γ1,Γ3] = [Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ6] = e (465)
Γ6 = Γ4Γ5Γ4. (466)
By Remark 2.8 in [24], we get also the relation
[Γ3,Γ4Γ5Γ4] = e. (467)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 11, the number of cusps is 18, the number of nodes is
32 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
15
2 · 6!,
and the signature is χ = −2 · 6!.
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Figure 38: The arrangement of planes U3,5.
Theorem B.18. If X degenerates to U3,5, then π1(XGal) is not trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.




Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.

















Vertex 1 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃1 = Z
2
1 1′,6 6′ · Z
3
1′,4 4′ · (Z1 1′)
Z2
1′,4 4′ · (Z34 4′,6)
Z2
















































































































6] = e. (475)
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Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2
















































































































5] = e. (480)
Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
1′,2 2′ · Z
3



















































































































































1Γ1 = e. (492)
























6 = e (493)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ1,Γ4〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ5,Γ6〉 = e (494)
[Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ5] = [Γ3,Γ6] = e (495)
Γ3 = Γ1Γ2Γ1. (496)
By Lemma 3.2, π1(XGal) is not trivial.
In this case, the number of branch points is 10, the number of cusps is 21, the number of nodes is
28 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
13
2 · 6!,
and the signature is χ = − 43 · 6!.













Figure 39: The arrangement of planes U3,6.
Theorem B.19. If X degenerates to U3,6, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.








Vertex 1 is a 2-point. The braid monodromy corresponding to this point is:
∆̃1 = (Z4 4′)
Z2
1 1′,4 · Z31 1′,4.
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Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.

















Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
3 3′,5 5′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,5)
Z2
















































































































5] = e. (507)
Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
1′,2 2′ · Z
3






































































































































































1Γ1 = e. (521)




3. By Lemma 3.3, we get Γ4 = Γ
′
4 and Γ5 = Γ
′
5.











6 = e (522)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ1,Γ4〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 = 〈Γ4,Γ5〉 = 〈Γ5,Γ6〉 = e (523)
[Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ5] = [Γ3,Γ6] = [Γ4,Γ6] = e (524)
Γ3 = Γ1Γ2Γ1. (525)
By Remark 2.8 in [24], we get also the relation
[Γ4,Γ1Γ3Γ1] = e. (526)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 18, the number of nodes is
32 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 = 7 · 6!,
and the signature is χ = − 53 · 6!.
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Figure 40: The arrangement of planes U3∪3.
Theorem B.20. If X degenerates to U3∪3, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of seven lines. We regenerate each vertex in
turn and compute the group G.








Vertex 2 is an inner 3-point. Its braid monodromy is
∆̃2 =Z
3
1′,2 2′ · Z
3



























































































Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
1 1′,5 5′ · Z
3
1′,4 4′ · (Z1 1′)
Z2
1′,4 4′ · (Z34 4′,5)
Z2

















































































































5] = e. (539)
Vertex 4 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃4 = Z
2
3 3′,7 7′ · Z
3
3′,4 4′ · (Z3 3′)
Z2
3′,4 4′ · (Z34 4′,7)
Z2
















































































































7] = e. (544)
Vertex 5 is an inner 3-point. Its braid monodromy is
∆̃5 =Z
3
5′,6 6′ · Z
3


























































































































































































1Γ1 = e. (560)

























7 = e (561)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ1,Γ4〉 = 〈Γ2,Γ3〉 = 〈Γ3,Γ4〉 =
= 〈Γ4,Γ5〉 = 〈Γ4,Γ7〉 = 〈Γ5,Γ6〉 = 〈Γ5,Γ7〉 = 〈Γ6,Γ7〉 = e
(562)
[Γ1,Γ5] = [Γ1,Γ6] = [Γ1,Γ7] = [Γ2,Γ4] = [Γ2,Γ5] = [Γ2,Γ6] =
= [Γ2,Γ7] = [Γ3,Γ5] = [Γ3,Γ6] = [Γ3,Γ7] = [Γ4,Γ6] = e
(563)
Γ3 = Γ1Γ2Γ1 (564)
Γ7 = Γ5Γ6Γ5. (565)
By Remark 2.8 in [24], we get also the relations
[Γ4,Γ1Γ3Γ1] = [Γ4,Γ5Γ7Γ5] = e. (566)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 14, the number of cusps is 24, the number of nodes is
44 and deg S = 14. So the first Chern number is c21 = 16 · 6!, the second Chern number is c2 = 11 · 6!,
and the signature is χ = −2 · 6!.
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Figure 41: The arrangement of planes U4,1.
Theorem B.21. If X degenerates to U4,1, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.




Vertex 1 is a 2-point. The braid monodromy corresponding to this point is:
∆̃1 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.

















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.

















Vertex 5 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃5 = Z
2
1 1′,6 6′ · Z
3
1′,4 4′ · (Z1 1′)
Z2
1′,4 4′ · (Z34 4′,6)
Z2

















































































































6] = e. (576)































































































































































































































1Γ1 = e. (593)
By substituting (567) and equating (587) and (588), we get Γ4 = Γ
′
4. By Lemma 3.5, we have
Γ1 = Γ
′
1 and Γ6 = Γ
′
6. Then by Lemma 3.3, we get Γ2 = Γ
′















6 = e (594)
〈Γ1,Γ2〉 = 〈Γ1,Γ4〉 = 〈Γ2,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ5,Γ6〉 = e (595)
[Γ1,Γ3] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ4] = [Γ3,Γ6] = e (596)
Γ2Γ3Γ2 = Γ5Γ4Γ5. (597)
By Remark 2.8 in [24], we get also the relations
[Γ1,Γ2Γ4Γ2] = [Γ6,Γ4Γ5Γ4] = e. (598)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 9, the number of cusps is 24, the number of nodes is
24 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
11
2 · 6!,
and the signature is χ = − 23 · 6!.











Figure 42: The arrangement of planes U4,2.
Consider X that degenerates to U4,2. The branch curve S0 in CP
2 is an arrangement of six lines. We
regenerate each vertex in turn and compute the group G.
Vertex 2 is a 2-point. The braid monodromy corresponding to this point is:
∆̃2 = (Z2 2′)
Z2
1 1′,2 · Z31 1′,2.


















Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
∆̃3 = (Z3 3′)
Z2
1 1′,3 · Z31 1′,3.

















Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z6 6′)
Z2
4 4′,6 · Z34 4′,6.

















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.


























































































































































































































































1Γ1 = e. (624)
As mentioned in Section 4, it is a challenging problem to determine if the kernel of the natural
surjection from G̃ to S6 is trivial or not. This question should be addressed once the relevant algebraic
tools are developed. We note that the use of the computer aided algebra system MAGMA, have not
yielded satisfactory results.
In this case, the number of branch points is 8, the number of cusps is 24, the number of nodes is
24 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 = 5 · 6!,
and the signature is χ = − 13 · 6!.











Figure 43: The arrangement of planes U4,3.
Theorem B.22. If X degenerates to U4,3, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.












Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z5 5′)
Z2
4 4′,5 · Z34 4′,5.

















Vertex 4 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃4 = Z
2
3 3′,6 6′ · Z
3
3′,5 5′ · (Z3 3′)
Z2
3′,5 5′ · (Z35 5′,6)
Z2
















































































































6] = e. (634)









































































































































































































































1Γ1 = e. (652)
Substituting (625) and (626) and equating (643) and (644), we get Γ3 = Γ
′
3. By Lemma 3.5, we
have Γ5 = Γ
′
5. Then by Lemma 3.3, we get Γ4 = Γ
′
4.











6 = e (653)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = 〈Γ5,Γ6〉 = e (654)
[Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ3] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ6] = [Γ4,Γ6] = e (655)
Γ1Γ2Γ1 = Γ4Γ3Γ4. (656)
By Remark 2.8 in [24], we get also the relation
[Γ5,Γ4Γ3Γ4] = e. (657)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 21, the number of nodes is
28 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 =
13
2 · 6!,
and the signature is χ = − 43 · 6!.
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Figure 44: The arrangement of planes U4∪3,1.
Theorem B.23. If X degenerates to U4∪3,1, then π1(XGal) is trivial.
Proof. See Theorem 3.8.
In this case, the number of branch points is 13, the number of cusps is 30, the number of nodes is
36 and degS = 14. So the first Chern number is c21 = 16 ·6!, the second Chern number is c2 =
19
2 ·6!,
and the signature is χ = −6!.














Figure 45: The arrangement of planes U4∪3,2.
Theorem B.24. If X degenerates to U4∪3,2, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of seven lines. We regenerate each vertex in
turn and compute the group G.
Vertex 4 is a 2-point. The braid monodromy corresponding to this point is:
∆̃4 = (Z6 6′)
Z2
1 1′,6 · Z31 1′,6.

















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z4 4′)
Z2
2 2′,4 · Z32 2′,4.

















Vertex 2 is an inner 3-point. Its braid monodromy is
∆̃2 =Z
3
3′,6 6′ · Z
3



























































































Vertex 3 is an outer 3-point. The braid monodromy corresponding to this 3-point is:
∆̃3 = Z
2
4 4′,7 7′ · Z
3
4′,5 5′ · (Z4 4′)
Z2
4′,5 5′ · (Z35 5′,7)
Z2

















































































































7] = e. (672)




























































































































































































































































1Γ1 = e. (692)
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By Lemma 3.4, we have Γ3 = Γ
′
3. Using this result and equating (681) and (682), we get Γ2 = Γ
′
2.
By Lemma 3.3, we have Γ4 = Γ
′
4. Then by Lemma 3.5, we get Γ5 = Γ
′
5 and Γ7 = Γ
′
7. Using Lemma
3.4, we get Γ6 = Γ
′
6. And again by Lemma 3.3 we have Γ1 = Γ
′
1.













7 = e (693)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ1,Γ6〉 = 〈Γ2,Γ4〉 = 〈Γ2,Γ5〉 = 〈Γ3,Γ5〉 = (694)
= 〈Γ3,Γ6〉 = 〈Γ3,Γ7〉 = 〈Γ4,Γ5〉 = 〈Γ5,Γ7〉 = 〈Γ6,Γ7〉 = e
[Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ7] = [Γ2,Γ3] = [Γ2,Γ6] = (695)
= [Γ2,Γ7] = [Γ3,Γ4] = [Γ4,Γ6] = [Γ4,Γ7] = [Γ5,Γ6] = e
Γ7 = Γ3Γ6Γ3 (696)
Γ1Γ2Γ1 = Γ5Γ3Γ5. (697)
By Remark 2.8 in [24], we get also the relations
[Γ4,Γ2Γ5Γ2] = [Γ6,Γ1Γ3Γ1] = [Γ7,Γ5Γ3Γ5] = e. (698)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 12, the number of cusps is 30, the number of nodes is
36 and degS = 14. So the first Chern number is c21 = 16 · 6!, the second Chern number is c2 = 9 · 6!,
and the signature is χ = − 23 · 6!.













Figure 46: The arrangement of planes U4∪4.
Theorem B.25. If X degenerates to U4∪4, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of seven lines. We regenerate each vertex in
turn and compute the group G.








Vertex 3 is a 2-point. The braid monodromy corresponding to this point is:
∆̃3 = (Z7 7′)
Z2
5 5′,7 · Z35 5′,7.

















Vertex 4 is a 2-point. The braid monodromy corresponding to this point is:
∆̃4 = (Z3 3′)
Z2
1 1′,3 · Z31 1′,3.






























































































































































































































































































































































































































































1Γ1 = e. (736)
Substituting (699) and equating (713) and (714), we get Γ4 = Γ
′
4.
Using computer algebra system (we used MAGMA), we can express all the Γ′i’s by {Γj |j =
1, . . . , 7} and get all the defining relations of S6. Then it is a straight forward verification that all
the relations in G hold in S6 so G/〈Γ
2
i 〉
∼= S6, and π1(XGal) is trivial.
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In this case, the number of branch points is 12, the number of cusps is 30, the number of nodes is
36 and degS = 14. So the first Chern number is c21 = 16 · 6!, the second Chern number is c2 = 9 · 6!,
and the signature is χ = − 23 · 6!.













Figure 47: The arrangement of planes U5.
Theorem B.26. If X degenerates to U5, then π1(XGal) is trivial.
Proof. The branch curve S0 in CP
2 is an arrangement of six lines. We regenerate each vertex in turn
and compute the group G.












Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z6 6′)
Z2
4 4′,6 · Z34 4′,6.


















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.

















Vertex 3 is a 5-point. According to [16, Corollary 2.5], the braid monodromy corresponding to it
yields the following relations in G:
[Γ3,Γ4] = [Γ
′


































































































2Γ2〉 = e (750)
〈Γ4Γ3Γ
−1
































































































































































































5Γ5Γ4] = e. (761)
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1Γ1 = e. (765)
Using (737), (738), (739), (751), (757) and equating (752) and (758), we get Γ5 = Γ
′
5. By Lemma
3.3, Γ6 = Γ
′
6 and Γ4 = Γ
′
4.











6 = e (766)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ3,Γ5〉 = 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ5,Γ6〉 = e (767)
[Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ2,Γ3] = [Γ2,Γ5] = [Γ2,Γ6] = [Γ3,Γ4] = [Γ3,Γ6] = e (768)
Γ1Γ2Γ1 = Γ4Γ5Γ3Γ5Γ4. (769)
By Remark 2.8 in [24], we get also the relation
[Γ6,Γ4Γ5Γ4] = e. (770)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 10, the number of cusps is 24, the number of nodes is
24 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 = 6 · 6!,
and the signature is χ = −6!.









Figure 48: The arrangement of planes U5∪3.
Theorem B.27. If X degenerates to U5∪3, then π1(XGal) is trivial.
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Proof. The branch curve S0 in CP
2 is an arrangement of seven lines. We regenerate each vertex in
turn and compute the group G.








Vertex 5 is a 2-point. The braid monodromy corresponding to this point is:
∆̃5 = (Z6 6′)
Z2
5 5′,6 · Z35 5′,6.

















Vertex 6 is a 2-point. The braid monodromy corresponding to this point is:
∆̃6 = (Z7 7′)
Z2
2 2′,7 · Z32 2′,7.

















Vertex 4 is an inner 3-point. Its braid monodromy is
∆̃4 =Z
3
4′,6 6′ · Z
3




























































































Vertex 3 is a 5-point. According to [16, Corollary 2.5], the braid monodromy corresponding to it
yields the following relations in G:
[Γ3,Γ4] = [Γ
′


































































































2Γ2〉 = e (789)
〈Γ4Γ3Γ
−1
































































































































































































5Γ5Γ4] = e. (800)



































































1Γ1 = e. (807)
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Substituting (771), (772) and Equating (791) and (792), we get Γ2 = Γ
′
2. By Lemma 3.3, Γ7 = Γ
′
7.
Then by Lemma (3.4) we get Γ4 = Γ
′
4 and Γ6 = Γ
′
6. Then again by Lemma (3.3) we have Γ5 = Γ
′
5.













7 = e (808)
〈Γ1,Γ2〉 = 〈Γ1,Γ3〉 = 〈Γ2,Γ4〉 = 〈Γ2,Γ7〉 = 〈Γ3,Γ5〉 =
= 〈Γ4,Γ5〉 = 〈Γ4,Γ6〉 = 〈Γ4,Γ7〉 = 〈Γ5,Γ6〉 = 〈Γ6,Γ7〉 = e
(809)
[Γ1,Γ4] = [Γ1,Γ5] = [Γ1,Γ6] = [Γ1,Γ7] = [Γ2,Γ3] = [Γ2,Γ5] =
= [Γ2,Γ6] = [Γ3,Γ4] = [Γ3,Γ6] = [Γ3,Γ7] = [Γ5,Γ7] = e
(810)
Γ7 = Γ4Γ6Γ4 (811)
Γ1Γ2Γ1 = Γ4Γ5Γ3Γ5Γ4. (812)
By Remark 2.8 in [24], we get also the relations
[Γ2,Γ4Γ7Γ4] = [Γ5,Γ4Γ6Γ4] = e. (813)
By Theorem 2.3 in [24] we have G̃ ∼= S6, therefore π1(XGal) is trivial.
In this case, the number of branch points is 13, the number of cusps is 30, the number of nodes is
36 and degS = 14. So the first Chern number is c21 = 16 ·6!, the second Chern number is c2 =
19
2 ·6!,
and the signature is χ = −6!.
B.29 X degenerates to U6
1
Figure 49: The arrangement of planes U6.
Theorem B.28. If X degenerates to U6, then π1(XGal) is trivial.
Proof. See [5, Theorem 6].
In this case, the number of branch points is 12, the number of cusps is 24, the number of nodes is
24 and deg S = 12. So the first Chern number is c21 = 9 · 6!, the second Chern number is c2 = 7 · 6!,
and the signature is χ = − 536!.
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